We consider Yang-Mills theories quantized in the Landau gauge in the presence of the Gribov horizon via the refined Gribov Zwanziger (RGZ) framework. As the restriction of the gauge path integral to the Gribov region is taken into account, the resulting gauge field propagators display a nontrivial infrared behavior, being very close to the ones observed in lattice gauge field theory simulations. In this work, we explore a higher correlation function in the Refined Gribov-Zwanziger theory: the ghost-gluon interaction vertex, at one-loop level. We show explicit compatibility with kinematical constraints, as required by the Ward identities of the theory, and obtain analytical expressions in the limit of vanishing gluon momentum. We find that the RGZ results are nontrivial in the infrared regime, being compatible with lattice YM simulations in both SU(2) and SU(3), as well as with solutions from Schwinger-Dyson equations in different truncation schemes, Functional Renormalization Group analysis, and the RG-improved Curci-Ferrari model.
I. INTRODUCTION
Being two of the most fundamental and difficult problems in theoretical physics since many years, the issues of color confinement and chiral symmetry breaking in the strong interactions have been investigated by many methods in Quantum Field Theory (QFT). Some of the most successful of them include the Functional Renormalization Group [1, 2] , the Schwinger-Dyson equations [3, 4] , or effective models as, for example, the Nambu-Jona-Lasinio model [5, 6] and the Quark-Meson model [7] , among others, with their many extensions [8, 9] . From a discretized QFT perspective, Monte Carlo simulations of Quantum Chromodynamics on a spacetime lattice have been long considered a major theoretical cornerstone. All these approaches share a common trait, the one of being able to capture features of the theory which can not be grasped by a standard perturbative expansion.
Another continuum approach derives from a deep observation by V. N. Gribov in [10] when analyzing gauge-fixed Yang-Mills theories. As Gribov argued in [10] , the Faddeev-Popov quantization of gauge theories is not enough to fully eliminate gauge copies from the generating functional. More specifically, there exist field configurations for which the Faddeev-Popov operator M(A) possesses nontrivial zero modes which give rise to Gribov copies, i.e. to equivalent field configurations which obey the same gauge condition, meaning that the counting of the degrees of freedom in the functional integral has not properly done.
In order to face this problem in the Landau gauge, Gribov suggested to constrain the domain of integration in the gauge field not to the whole field space, but rather to a closed region, which is now called the Gribov region [11] . As long as the gauge field configurations in the path integral are taken from inside the Gribov region, the determinant of the Faddeev-Popov operator is nonzero or, in other words, the ghost propagator does not display a pole other than the one at vanishing momentum. This nonperturbative constraint on the ghost propagator is called the no-pole condition.
The restriction to the Gribov region can be effectively implemented by the introduction of a weight function in the action and then taking the integration domain back to all gauge configurations. This weight function is known as Zwanziger's horizon function and has been originally cast as a nonlocal functional of the gauge field, H(A) in [12] . In order to express the resulting action as a local functional, one has to introduce auxiliary fields, i.e.: a pair of bosonic fields, (ϕ,φ), as well as a pair of anticommuting ones, (ω,ω).
The resulting Gribov-Zwanziger (GZ) action is then local, renormalizable and effectively constrains the gauge field to the interior of the Gribov region. A further important development of the GZ framework has taken place when it was realized that some dimension-two condensates, such as the gluon condensate A 2 , would be nonvanishing according to the GZ effective action and therefore should be considered from the starting Lagrangian. This gave birth to what was called the Refined-Gribov-Zwanziger (RGZ) action. For more technical details on the construction of the GZ and RGZ actions and some of its consequences we refer to [13] [14] [15] [16] [17] [18] [19] [20] and references therein.
Although the horizon function has been introduced for mainly theoretical reasons, it may have relevant implications for observables. For example, the presence of Gribov's horizon has a significant impact on correlation functions of the gauge theory. Such correlation functions, on their turn, can be used as building blocks for the description of observable quantities like particle spectra, via Bethe-Salpeter or Faddeev equations, or thermodynamical properties of a finite temperature medium. Indeed, the two-point function of the RGZ effective theory compares quite well to lattice results in different contexts as well as to other nonperturbative approaches, like the Dyson-Schwinger equations or the Functional Renormalization Group. Note that such an agreement has been obtained for the RGZ propagator at the tree-level of the effective theory.
In this work, we intend to explore a higher correlation function, namely the gluon-ghost-antighost triple vertex, within the RGZ framework. Starting from the tree-level RGZ action, the gluon-ghost vertex is the same as in a purely perturbative Yang-Mills theory. However, as loop corrections are considered, nontrivial propagators, as well as vertices containing the auxiliary fields which, when integrated out, can be recast as nonlocal momentum-dependent gluon vertices, give rise to contributions to the correlation function containing the nonperturbative Gribov parameter. In this sense, the RGZ framework may be able to probe nonperturbative features of the gluon-ghost vertex and might provide some information on the infrared behavior of the Yang-Mills coupling. For more results on the vertices of the (R)GZ action in the Landau gauge, we refer the reader to [21] .
In Sec. II, we briefly present the recently developed BRST-invariant framework of the Gribov-Zwanziger theory. Next, in Sec. III, we present our results for the ghost-gluon vertex. For the benefit of the reader, the technical details of the calculation have been collected in Appendix D. Finally, in Sec. IV we compare our results to other nonperturbative methods and discuss some of their possible implications for future work in Sec. V.
II. THE BRST-INVARIANT REFINED GRIBOV-ZWANZIGER ACTION
In order to establish our notation, let us first write down the action of the Refined Gribov-Zwanziger (RGZ) theory in linear covariant gauges. It reads
where
is the standard Faddeev-Popov action, while M ab (A) stands for the Faddeev-Popov operator
As discussed in [22] it is possible to introduce a mass term for the gluon field, given by
Note that the mass term is not directly given in terms of the gauge field A, but rather as a function of the composite gauge-invariant field A h , which is defined as [20, 23 ]
with
where ξ a is the Stueckelberg field discussed in [18] [19] [20] [22] [23] [24] . One also imposes a transversality constraint on A h , so that
as enforced by the Lagrange multiplier field τ in
Note that the fermionic auxiliary fieldsη and η in (8) appear as a consequence of the constraint δ(∂ µ A h µ ) in the path integral expression for the partition function [25] .
We stress that the constraint (7) is crucial for the renormalizability of the action (1), since otherwise a propagator like ξ(p)ξ(−p) , for example, would be ill-defined, leading to non power-counting divergences that spoil the renormalizability of the theory [26] . This is the case in the usual formulation of Stueckelberg-like theories. However, in the presence of the constraint (7), all propagators are well-behaved and the theory can be shown to be renormalizable [22, 27] .
Within the RGZ framework, the origin of such a mass term is motivated by the fact that, in the presence of the Gribov horizon, the theory is unstable with respect to the formation of some condensates of operators of mass dimension d = 2. In particular, one can show that A 2 = 0, so that the parameter m 2 can even be interpreted as a Lagrange multiplier that ensures that the gluon condensate is nonvanishing in the deep infrared [14, 16, [28] [29] [30] .
The Zwanziger horizon term, in its local form, is given by [31]
There are some reasons to consider the composite field A h instead of the gauge field A itself in both the mass term (4) and in the local horizon term (9) . It is crucial to recall from [20, 23] that A h defined in (5) actually corresponds to a local version of the gauge configuration that minimizes the functional
along the gauge orbit, parametrized by the gauge transformation u. Being a minimum of f A along the gauge orbit, the gauge variation of A h is zero, and so is its BRST variation: sA h = 0, where s is the nilpotent BRST operator. This immediately implies the BRST invariance of the mass term S m . Analogously, taking into account that the BRST variations of the auxiliary fields are all zero, the horizon term S H turns out to be BRST invariant as well [32] .
Finally, we stress that, for practical loop calculations, one must expand the h field (6) in powers of the Stueckelberg field ξ up to the desired order. However, in the present work, we shall work in the Landau gauge, α = 0, in which the ξ field decouples completely and no internal lines with ξ propagators are present, see [22, 27] . Now that the action has been established, let us proceed to the explicit calculation of the ghost-gluon vertex in the one-loop approximation in the Landau gauge, α = 0.
III. THE THREE-POINT GHOST-GLUON CORRELATION FUNCTION
From the action (1), one can derive the Feynman rules of the theory. The rules which are relevant to the calculation of the ghost-gluon vertex at one-loop are listed in Appendix A. They allow us to calculate the connected correlation function
at one-loop order, where Z c is the generator of connected correlation functions and J i (i =c, c, A) are external sources linearly coupled to the fields i. As usual, the sources are taken to zero at the end of the calculation. Before proceeding, let us remark that since the RGZ action contains bilinear couplings between fields, the theory contains mixed propagators, such as Aϕ and Aφ . Therefore, the relation between connected and 1PI functions has to take such mixed propagators into account. This is made explicit in the Feynman diagrams of Fig. III . Such mixed propagators and vertices involving Zwanziger's auxiliary fields ϕ andφ as well as their fermionic counterparts ω andω, arise as consequence of the local formulation of the Gribov horizon [33] . We give further details for the interested reader in Appendix B.
The 1-loop connected function (11) is then decomposed as or, in a compact notation,
There are clearly some differences between perturbative Yang-Mills and RGZ calculations of the vertex function. The first of them is the modification of the gluon propagator brought about by the restriction to the Gribov horizon, which can be understood as the appearance of a pair of generally complex conjugate poles. A second difference is the presence of the tree-level Aφϕ vertex, which couples the gluon to the auxiliary Zwanziger fields. This allows not only diagrams with auxiliary fields running in the internal loops, but also in the external legs, as long as the external propagator is a mixed one like, for example, Aϕ . This possibility is realized in (13) , giving rise to the contributions Γ ϕcc and Γφc c , not present in perturbative YM theory. Finally, note that these mixed contributions only appear from one-loop order onwards, as such vertices are absent from the classical action (1).
A. The one-loop ghost-gluon vertex in the soft gluon limit
As is well known, the full ghost-gluon vertex function has a nontrivial tensor structure (see, e.g., [34] ). Given the many extra terms that the restriction to the Gribov horizon brings to the calculation, a full one-loop evaluation of the vertex function demands in practice some automated algorithm, which will be deferred to future work. Here, we present an analytic calculation in the physically interesting soft gluon limit, i.e. as the gluon momentum k → 0.
The diagrams contributing to the dressing of the ghost-gluon vertex up to one-loop order in the RGZ theory are displayed in Fig. III . Diagrams in the first line are the ones which appear in perturbative YM one-loop calculations, while the second line displays two extra diagrams that appear in RGZ theory due to the presence of the auxiliary fields ϕ,φ that localize the Gribov horizon function. Since the gluon propagator is deeply altered in the infrared regime by the presence of the Gribov horizon, even the standard diagrams in the first line of Fig. III . yield nonperturbative effects, dependent on the Gribov parameter and on the dimension-two condensates of the RGZ framework.
The details of the computation can be found in Appendix D. Here, we notice that, in the soft gluon limit, the contribution containing a three-gluon vertex simplifies tremendously. Besides, the Γ ϕcc and Γφc c kernels vanish in this limit, yielding a vanishing diagram (IV) in Fig. III . Finally, the k → 0 limit of the one-loop ghost-gluon kernel can be written as
where the master integrals
related to diagram (I), and
which appears in diagrams (II) and (III), have been explicitly calculated in the Appendix D. The incoming antighost momentum is given by p. Therefore, the ghost momentum is −p, since k = 0. The massive parameters −a 2 ± are the, generally complex, poles of the RGZ gluon propagator (A1) and R ± are their corresponding residues. It is interesting to point out that the last terms in eq. (14) come from new diagram (III) in Fig. III which is absent in standard YM theories, being completely nonperturbative and proportional to γ 4 . Note that the integrals are also valid for complex arguments.
Before proceeding to the numerical analysis of the next section, it is important to remark that the one-loop vertex function explicitly respects the so-called Taylor kinematics, i.e.,
and the so-called non-renormalization theorem of the ghost-gluon vertex, namely
which are the same in the RGZ framework as in perturbative Yang-Mills theory [35] . These are direct consequences of the Ward identities of the action (1), as shown in Appendix C.
IV. RESULTS AND DISCUSSION
The final result for the one-loop correction of the gluon-ghost vertex in the soft-gluon limit in the RGZ theory is given in Eq. (14) as a function of the poles a ± and residues R ± of the tree-level gluon propagator, as well as of the Gribov parameter γ. The gluon propagator in the RGZ theory is modified with respect to standard YM, even at tree level, by the presence of the Gribov parameter and of dimension-two condensates of the gluon and auxiliary fields. The gluon dressing function in d = 4 takes the form:
where M and m are mass parameters related to dimension-two condensates, summing up to the total of three parameters (M, m, γ) in the RGZ theory, besides the gauge coupling g and possible renormalization scale. The self-consistency of the RGZ theory allows one in principle to compute all of these three parameters, using the Gribov gap equation, renormalization group invariance and a minimization of the RGZ effective potential. The calculation of these parameters can however only be done up to a certain order of approximation and involves lengthy analyses that are not the aim of the current work. For more details on how to proceed in these lines, the reader is referred to the review in Ref. [14] and references therein.
We shall proceed to make quantitative predictions and comparisons with other results in the literature by fixing the three RGZ parameters through a fit of the lattice YM data for the gluon propagator with the tree-level form obtained in the RGZ theory. As discussed in the introduction, this type of fit works remarkably well for low and intermediate momenta [36] . This success is reassuring in the sense that the RGZ theory might indeed be capturing a significant fraction of the nonperturbative phenomena of infrared YM theory. The current one-loop analysis of the ghost-gluon vertex goes in the direction of further verifying how much of the nonperturbative YM correlations may be described by the RGZ theory to a reasonably low order in perturbation theory.
A. Parameter fixing
In the next subsections, results for the ghost-gluon vertex for the SU(2) and SU(3) cases will be presented. Each non-Abelian gauge group gives rise to a different parameter set from the corresponding fits of the lattice gluon propagator. For SU (2) we use the fit displayed in Fig.2 of Ref. [37] , corresponding to the largest volume (V = 128 4 ) data set and improved momenta. The SU(3) parameters are given in Ref. [38] (cf. their Fig.7 ; β = 6.2) and include an infinite-volume extrapolation. The parameter sets are summarized in Table I[39] .
SU (2) Since all integrals are finite (see Ap. D) and, therefore, there is no explicit renormalization scale dependence in the results, the only missing free parameter is the coupling constant g. Results will be shown for different values of g, within the perturbative range, and also for a running coupling corresponding to the standard one-loop YM beta function in the Modified Minimal Subtraction scheme, i.e. [40] 
B. SU(2) case
Let us now present the results for the SU(2) ghost-gluon vertex form factor in the soft gluon limit, in which the gluon momentum is taken to zero. The full vertex tensor in this limit becomes:
where the form factor Γ Acc (p) is the scalar function of the momentum which shall be analyzed in what follows. In general, the antighost-momentum dependence of the effect of interactions on the vertex is that of rising from the tree-level value at p = 0 reaching a peak around p ∼ 1 GeV and slowly falling again at very large momentum, eventually saturating at the perturbative result for fixed coupling
which corresponds exactly to the infinite momentum limit of Eq. (14) . Therefore, interactions are consistently suppressed in the deep ultraviolet as expected from asymptotic freedom, which remains untouched in the RGZ theory as already proven via algebraic renormalization analyses [16] . Moreover, the nonmonotonic momentum dependence observed as contrasted to the flatness of the one-loop perturbative result is a sign of the nonperturbative nature of the current analysis. In fact, these properties are consistently found in all nonperturbative methods that we compare to here -from Curci-Ferrari model and Dyson-Schwinger equations to lattice simulations [41] -as well as other approaches (cf. e.g. [42] ). Figure 2 displays our results, i.e. Eq. (14) with the parameters from the SU(2) line in Table I , as compared to lattice data from Ref. [43] . We plot the form factor of the ghost-gluon vertex here for three different values of the coupling g. For momenta below ∼ 1 GeV and above ∼ 2 GeV the RGZ results with a coupling of g = 2.5 − 3 GeV provide a reasonable description of the available lattice data. It is interesting to point out that these values of coupling correspond to α = g 2 N 12π < 0.5, being in principle within a regime of applicability of the perturbative approximation. In the region of intermediate momenta (p = 1 − 2 GeV), there is an apparent disagreement between different lattice data sets and improved simulations on larger lattices with more statistics are probably needed to resolve this issue.
One can further compare the RGZ vertex results with the outcome of different nonperturbative methods. In Figure  3 findings for the SU(2) ghost-gluon vertex in the soft-gluon limit in the renormalization-group (RG) improved CurciFerrari model at one-loop order [44] are added in the comparison. The qualitative behavior is the same, but the peak is more pronounced and shifted towards lower momenta; the intensity of those effects being dependent on the renormalization scheme adopted. The stronger fall of the correlator for large momenta may be seen as the direct effect of the running coupling due to asymptotic freedom, which is absent from our fixed-g curves. In the SU(3) case below, we shall discuss a naïve inclusion of RG corrections in our RGZ one-loop vertex results that will show exactly this property. It should also be noted that the RG schemes adopted in [44] are nonstandard, with the absence of a Landau pole being an important feature at this one-loop implementation. Since the Curci-Ferrari model includes a mass term for the gluon, the RG flow will in general involve coupled equations for the coupling, the mass and the field renormalizations. Choosing a convenient scheme, with a mass-dependent beta function, the authors of [44] (cf. also [45] ) provide a fully smooth behavior for the RG-improved correlation functions down to zero momentum.
C. SU(3) case
In the SU(3) case, we adopt the parameters fitted from lattice propagators in the last line of Table I . The form factor of the ghost-gluon vertex is again plotted as a function of the antighost momentum p in Figure 4 , for fixed coupling α = g 2 4π = 0.23, 0.3, 0.42, and compared to lattice data [46] . Qualitatively, the same peak structure around p ∼ 1 GeV is also observed in the SU(3) case. Moreover, Figure  4 shows that the RGZ results are once again compatible with the available SU(3) lattice data for a large range of (fixed) values of the coupling, α = 0.23 − 0.42, falling nicely within a perturbative domain, so that our one-loop approximation in RGZ theory is in principle consistent.
For SU(3) there are dynamical solutions of the Dyson-Schwinger equations (DSE) for the ghost-gluon vertex in the soft gluon limit available within different truncation schemes in the literature (cf. e.g. [47, 48] ). Overall, the qualitative behavior is the same one observed here and a quantitative comparison with one of these DSE results is shown in Figure 5 . For antighost momenta above ∼ 1 GeV one has a steeper fall of the form factor in the DSE case as compared to our fixed-coupling results. If we consider asymptotic freedom, it is reasonable to assume that the coupling will indeed decrease for large momenta, giving thus rise to the stronger suppression of the ghost-gluon vertex. The dashed (red) lines in Figure 5 show that a naïve implementation of the perturbative running coupling (cf. (20)) generates a steeper fall of the vertex form factor for large momenta, being very close to the one observed in the DSE solution [47] . One may conclude thus that the quantitative difference for large momenta between the RGZ results and dynamical DSE solutions for the ghost-gluon vertex is naturally accounted for by the effect of the running coupling. For small momenta, non-analytical behavior is observed, being related to the presence of a Landau pole in the one-loop perturbative running adopted.
This naïve implementation of the running coupling is however not the full RG flow in RGZ theories. Due to the existence of extra operators -related to the Gribov horizon and the dimension-two condensates -, the RG flow in RGZ theory corresponds to a set of coupled equations for the running coupling as well as the running massive parameters m, M, γ. Even though we shall not attempt here to derive the full flow, it is in principle feasible and could be done in an infrared safe scheme, similar to the one developed in [45] and free of Landau poles.
V. FINAL REMARKS
Nonperturbative descriptions of the infrared regime of YM theories are crucial to understand the physics of confinement in QCD. Among several available approaches, the refined Gribov-Zwanziger framework partially solves the problem of Gribov ambiguities in the gauge path integral and provides a description that reproduces perturbative YM in the ultraviolet regime, while displaying nontrivial infrared physics via the Gribov horizon background.
The RGZ theory has been successfully tested against the nonperturbative benchmark of lattice data for two-point correlation functions and has provided reasonable estimates for observables like e.g. the glueball mass spectra. Up to now most of these applications have considered the leading-order perturbative approximation and have not explored higher-order correlation functions. In this paper, we compute the one-loop ghost-gluon vertex in the RGZ theory. The trivial result in the Taylor kinematics (vanishing antighost momentum), as well as the tree-level vertex when the ghost momentum goes to zero, have both been reproduced and shown to be direct consequences of Ward identities of the RGZ action. Moreover, we obtain an analytical result for the one-loop ghost-gluon vertex in the limit of vanishing gluon momentum. This calculation is an important test of the capability of the RGZ approach to provide a consistent nonperturbative description of YM theories that goes beyond two-point correlation functions.
Our findings for both SU(2) and SU(3) cases qualitatively agree with other nonperturbative approaches, such as dynamical DSE solutions in different truncation schemes [47, 48] and the RG-improved Curci-Ferrari model [44] . Quantitative differences at large momenta have been shown to be accounted for by the running of the strong coupling and asymptotic freedom. The RGZ one-loop ghost-gluon vertex is also quantitatively compatible with the available lattice data for SU(2) [43] and SU(3) [46] gauge groups in the soft-gluon limit, even for fixed coupling. It is important to note that the momentum behavior of the form factor of the ghost-gluon vertex is not fitted. All massive parameters of the RGZ theory are fixed by lattice data for the gluon propagator; the only free parameter in the vertex correction being an overall factor g 2 , where g is the gauge coupling. In general, the set of results for the ghost-gluon vertex provides further indication that indeed the RGZ action may be seen as a nonperturbative infrared description of YM dynamics.
Even though the results are already encouraging, there are many improvements that could be done in the current analysis. A fully dynamical calculation of the RGZ dimension-two condensates (i.e. the massive parameters m, M ) would allow one to have a self-consistent prediction of the theory. One step further with respect to the calculation presented here would be to implement the full RG flow given by the set of coupled equations of the massive parameters, possibly in an infrared safe scheme. Another interesting analysis made possible by the action (1) is the study of the gauge-parameter dependence -within linear covariant gauges -of the gluon-ghost vertex we have just investigated in the Landau gauge.
Tree-level propagators
In order to calculate the ghost-antighost-gluon 3-point function in the Refined Gribov-Zwanziger theory, only a subset of the propagators of the theory are needed. These are
is the transverse projector, such that p µ P µν (p) = p ν P µν (p) = 0.
Tree-level vertices
The only vertices needed for the computation of the ghost-antighost-gluon at one-loop in the RGZ theory are
Note that, for higher orders in the perturbative expansion, or for a general linear covariant gauge, or for other correlation functions, extra correlators and vertices will be needed. 
Taking a further derivative with respect to the source J i , one finds
For the present calculation of the ghost-gluon vertex, we are specifically interested in the choice
Since there are no mixed propagators involving the Faddeev-Popov ghosts c andc, the only nonvanishing contributions are such that j = c and =c. Therefore, running the remaining sum for m = A, ϕ,φ, we have
δc δc δA
δc δc δϕ
δc δc δφ
which can be written as
or, in a shorthand notation,
Therefore, besides the contribution Γ Acc , that would be present at pure Yang-Mills, there are also contributions from 1PI functions involving the auxiliary fields ϕ andφ, as well as the respective mixed propagators.
Appendix C: Symmetries of the action and Ward identities
In this appendix, we wish to establish important simplifying relations between correlation functions in the RGZ framework. With this in mind, let us consider its symmetries and the corresponding Ward identities. First, let us notice that the RGZ action (1) is left invariant by the following nilpotent BRST transformations [20] 
from which the BRST transformation of the field ξ a , Eq.(6), can be evaluated iteratively, leading to
Such relations allow one to demonstrate the important properties
The BRST invariance of the action is particularly important since it leads to the independence of important quantities (such as the poles of the AA correlator, or the Gribov parameter) from the gauge parameter α [24] . In order to write the Ward identities that follow from the BRST invariance, one adds a set of sources to the action, each coupled to a nonlinear BRST variation [49] , that is
Defining the full classical action as 
which is the Slavnov-Taylor identity. Furthermore, the equation of motion for the b-field,
is regarded as a Ward identity. It implies that the most general counterterm is independent of b a . We also have the identity
which is known as the antighost equation. This identity assures that the fieldc a and the source Ω 
Therefore, we find that, thanks to the BRST transformations (C1), the nontrivial kinematic relations (18) and (17) are true not only in Yang-Mills [35] , but also in the RGZ framework. In the next appendix, we show the calculation of the Acc vertex function within the RGZ framework at one-loop order, verifying that the exact results (18) and (17) are indeed satisfied explicitly at this order.
Similarly to the diagram (II), the soft-gluon limit of diagram (III) can also be written in terms of the integrals of the type (D10) 
Note that this diagram is proportional to the gluon momentum k. Therefore, given that the integral is also finite, it does not contribute to the soft-gluon limit of the vertex function (D1).
Finally we would like to point out that all diagrams (I)-(IV) are proportional do p α (p + k) β , so that the one-loop contributions to the vertex function (which are perfectly finite) all vanish at the limits p → 0 and p + k → 0, as expected from the symmetries of the theory (e.g., the so-called Taylor kinematics [35] ) and discussed in Appendix C.
